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Abstract—In this paper we concentrate on the field of 

mathematics education where the aim is to generate exercises 

going beyond those with answers of simple types (e.g. multiple-

choice, Boolean, integer, or file comparison). We present three 

examples from introductory college mathematics and emphasize 

the key points that should be taken into account in order to 

develop a “well-posed” exercise together with its verification. All 

the presented examples were implemented in the system 

PASSAROLA.  
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I.  INTRODUCTION 

When implementing the Bologna education reform in 
Portuguese universities, the number of contact hours of the 
courses decreased, therefore increasing the need of a more self-
responsible learning by the student. Without renegading the use 
of pencil and paper, education is using progressively 
diversification tools from Information Technology. Thus, it is 
necessary the development of mechanisms that motivate the 
student, stimulate his curiosity and autonomy, and also 
increases his school success. 

Universities are progressively adapting their courses in 
order to take advantage of the new existing technologies and 
Web based learning is one of the educational options most 
considered and used in our days. Recently, a number of 
powerful exercise generating systems have been proposed (see, 
e.g. [1,2,3,4,5,6,7]), and several e-learning systems have been 
developed (see, e.g. [8,9,10,11,12]). Also, a significant number 
of methodological studies in e-learning were done during the 
last years (see, e.g. [13,14]). Publications on these topics are 
surveyed in [15,16]. 

In this paper we concentrate on the field of mathematics 
education where the aim is to generate exercises with 
randomized data. This aspect implies that great care should be 
taken in designing a meta-exercise, i.e. an exercise which 
allows one to generate multiple exercises. The first thing that 
the exercise designer should clearly identify is the set of 
features that the exercise should satisfy. This aspect is rather 
critical, not only because of the feasibility of the exercise, but 
also because of the necessity to control its difficulty degree. 

The Bologna process had also the consequence that the 
amount of work done by the student himself increased (i.e. 
outside lectures and examples classes). So it is important to 
give feedback to the exercises that the student solves, given as 

much detail as possible, in an automatic way. This topic is also 
considered in the paper. 

All the examples presented here were implemented using 
the high-order exercise generation system PASSAROLA [17]. 
PASSAROLA is a simple, yet powerful, language that anyone 
with no computer science background can use to develop a 
large variety of exercises via LaTeX-based templates. Its main 
characteristic features are the use of simple reusable templates, 
simple and rich types, rich notation and syntax for questions, 
solutions, answers, transformations, and calculations.  

This system is similar to STACK, a computer aided 
assessment system for Mathematics making use of the 
computer algebra system Maxima to generate random 
questions, establish the properties of answers and provide 
sophisticated feedback [7].  

Similarly, for a large set of tasks PASSAROLA relies on 
Maxima, LaTeX, and Perl. With Maxima we get a rich math 
environment capable of evaluation, simplification, and 
processing of math expressions; we can use a huge number of 
Maxima functions or build our own. With LaTeX we obtain 
good quality text and math notation layout; we can use any of 
the thousands of LaTeX packages available or define our own. 
With Perl we have a rich textual processing environment with 
powerful regular expressions; we can use some of the 
thousands of Perl packages available or define our own 
functions or packages; we can also use a huge number of Unix 
commands by system or pipes mechanism. All this makes 
PASSAROLA a very powerful system allowing for 
implementation of any algorithm. 

 
Figure 1.  Example using PASSAROLA syntax. 



A general idea of PASSAROLA syntax is illustrated in Fig. 1.  

Comments: 

 line 3: select a random colect from the list; 

 line 5: colect and elem are coupled elements; 

 line 7: the exercise text (in LaTeX) #elem is replaced 
by the random chosen value; 

 line 13: evaluation section; 

 line 14: #colect type=icstr – the validation function is a 
ignore-case string comparison of the value submitted 
with the value of colect. 

In this example there is no suggestion, resolution or 
calculations, no user provided functions, etc. 

 

The paper is organized in the following way. In Section 2 it 
is presented the main idea of exercises generation and smart 
assessment algorithms. Some examples of exercises are 
analyzed in Section 3. In Section 4 we discuss the problem of 
exercise generation with smart assessment, from a general 
point of view. Section 5 contains the concluding remarks. 

II. EXERCISE GENERATION PROCESS AND SMART 

ASSESSMENT  

A solution to a mathematical exercise can be represented as 
a sequence of “operators’’    applied to data “vectors”    in 
order to deduce the next data vector           . 
Schematically the solution can be written as the following 
diagram:  

              

                         
 

If the operator    is “invertible”, then the vector      can 
be reconstructed from the vector   . The exercise generation 
usually starts from an intermediate data vector   . Moving to 
the left we generate the exercise and moving to the right we 
obtain the answer:  

              

                         
 

The whole chain gives us the solution to the exercise. The 
exercise generation process implies an adequate choosing of 
the data vector   . For example, consider a quadratic equation  

            
 

The roots of the equation are given by the formula  

     
    √        

    
   

 
It is clear that a random generation of the coefficients  ,  , 

and  , with high probability will give us an equation without 
rational roots and such an exercise is not very useful for 

students. A pretty exercise can be generated making use of the 
Viéte theorem. Namely, we randomly generate a rational 
coefficient   and rational roots    and   , i.e. the answer, and 
calculate the coefficients   and   as follows:  

                                  

             
 

Determining the discriminant          we also 
generate the solution to the exercise. Therefore it is important 
to choose correct domains of definition for the operators from 
the solution chain. Sometimes it can be a hard problem. For 
example, if we need to generate some exercises involving the 
Pythagoras theorem and still want to work with integer or 
rational number, it is necessary to solve the Diophantine 
equation  

          

Fortunately it is well known the set of solutions to this 
equation admits the following representation: 

                           

where     are positive integers.  

The assessment can be done in different manners and can 
range from a simple answer verification (correct or not correct) 
to smart verification, i.e. to step-by-step analysis of the solution 
allowing to find student’s error. The general approach to smart 
verification can be described as follows. Assume that the 

operators   ,      , are invertible, and the exercise was 
generated using the key data vector   . Then if we have the 
student’s answer   , we can reconstruct the corresponding key 

vector        
     

    . Comparing it with    it is possible 
to detect the error. If not all operators are invertible, only a 
partial analysis is possible. However the discrete structure of 
the domains of operators    can help to identify the error 
exactly or evaluate the probability that the error was done at a 
given step. We will illustrate this approach in the next section. 

III. CASE STUDIES 

In order to clear up the presented ideas, we consider three 
examples: integration of rational functions, Gaussian 
elimination, and determination of the domain of a function 
depending on two variables.    

A. Integration of rational functions 

Consider an example of integration of a rational function 
 . The function is generated in the form  

     
   

     
 

   

     
                      

Then we rewrite   as  

                

              
 

and generate the exercise: Compute  

∫
                

             
     

 



The answer is generated from the original form of  :  

∫                

                          
 

The solution to the exercise consists in finding the roots of 
the quadratic polynomial              and in 
representing the function   as a sum of two elementary 
fractions. The later means to solve a system of two linear 
equations with two variables   and  . Let        be the 
student’s answer. Student’s answer is considered correct if 
         coincides with          at all points    belonging 
to a sufficiently large set of test points. Otherwise we localize 
the error following the general scheme. The algorithm has the 
following form:  

calculate  
  

  
    and  

  

  
     

define test list              
for i=1: t do 

   if |
  

  
     

  

  
    |         then 

      if   does not contain “log” then (1) 

          print ’error in integration’ stop  

      else  

         calculate    
  

  
    and    

  

  
     

         if             and              then (2) 

            print ’error in linear system’ stop  

         else 

            print ’error in the factorization’ stop  

         end if 

      end if  

      break 

   end if 

end for 

print ’ok’ stop   
  

This algorithm implements a decision tree of the feedback 
to provide to the student.  

In (1) we say that student’s submission should contain at 
least a reference to     function (otherwise there is nothing we 
can do). This kind of observation is easier to express in a text 
level predicate: submission text contains        pattern. This 
predicates are easier to write in language like Perl.  

In (2) the use of Maxima algebraic capabilities is crucial for  
detection of situations of this kind. 

As we can see from this example, the fact that we can use a 
rich set of external tools, makes it easier to implement smart 
assessment algorithms. 

B.  Gaussian elimination    

Suppose we have to generate a linear system with 3 
equations and 3 unknowns to be solved by Gaussian 
elimination. One possibility is to generate the matrix of 
coefficients and the independent vector. The drawback of this 
approach is that we cannot control all steps of the solution and 
can get a system with no solutions or with many solutions, a 

system whose solution includes the necessity of swapping the 
positions of rows, etc.. However it is possible to generate 
exercises operating with integers only and having the same 
level of difficulty. For example, the following exercise is of 
this type:  

[

      
           

       
]               

             

↔          
 

 

[

      
       
         

]              
↔          

 

[

            
             
              

] 

 
The answer to the exercise, by back substitution, is the 

following:  

   
    

    
     

   
       

    
     

   
           

   
      

 
The boxed numbers should be the 12 parameters that are 

randomly chosen from appropriate sets (“small” integer 
numbers excluding the zero for the multipliers and for the 
diagonal elements in the reduced echelon form of the matrix). 
In this way, all the non-bold elements can be computed 
without the necessity of the division operation.  

In this case, we are only able to partially analyze the 
solution given by the student and to localize the error with a 
high degree of probability. Suppose that the student answer is 
        . To correct the exercise we use the following 
algorithm:  

if                   then  

   print ’ok’ stop 

else if       then 

if       satisfy the second row of the echelon form                 

then  
      print ’error in the third row’ stop  

   else  

      print ’wrong second row   wrong   ’ stop   

   end if 

end if 

 
In other words, if     , then we can conclude that either 

the last row of the echelon is wrong or the student made an 
error dividing    by   . However, if    and    satisfy the 
second equation, i.e.          , then with a high 
probability the student calculated the second row of the 
echelon form well and the error was made in the third row. 
This is a consequence of the fact that the exercise solution 



involves integer numbers only. This probability can be 
evaluated introducing a model for student’s errors or be 
determined experimentally, statistically studying the 
frequency of this error appearance.  

C. Domains: analytical and graphical representation   

If we limit ourselves to only considering simple domains 
like those ones bounded by circumferences, ellipses, 
parabolas, etc., or their complements, and intersections of such 
sets, the problem of the answer verification becomes rather 
simple. Indeed, it suffices to generate together with the 
exercise and the answer a set of test points belonging to the 
domain, to its boundary and to the complement of the domain 
and verify whether they satisfy some equalities or inequalities.  

Assume that the domain of a function   depending on two 
real variables is  

                           

 
where                                     
   ,            , and                are constants. 

The function        can be rewritten as 

                                 

Suppose that   can be selected from the list  

[√   √                   
   

   
 

   

 √ 
  

   

 √   
]  

 

Then one can associate to each element of this list the 

corresponding symbol “s” such that    is the correct domain 

of  . This can be done using the operator of lists pairing     

and creating the list                 for “s”. For example, 

if   is chosen to be √   , then     implies that “s” will be 

 . In order to obtain the graphical representation, one 

constructs a list                 containing seven figures 

(drawn with TikZ package) representing the domains, which 

correspond to the selected pairs  √          (
   

 √    
   , and 

establishes the correspondence      where   is the selected 

figure from the previous list.  
If we want to generate the exercise: Determine analytically 

and graphically the domain of the function         , then, 
we use the following algorithm:  

Obtain the analytical solution  

                         

 
Obtain the graphical solution  

                     

 
Obtain the exercise  

                       

In Fig.2 is an example of a graphical solution of a possible 

generated exercise, where        
   

 √               
  The 

gray region represents the domain           
                     . 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 2: Graphical representation of   . 

 
The correct domain of the exercise is represented by the 

condition:          . Let           ,             and 
  ̅     ̅   ̅  be, respectively, points belonging to the 
interior of the domain, to the boundary of the domain and to 
the complement of the domain. The complement symbol of s 
will be denoted by  ̅ (e.g. the complement symbol of   is <). 
Suppose that the answer given by the student is:            . 
The algorithm to verify if the student’s answer is correct is the 
following:   

generate three sufficiently large sets of numbers of 

test points   ,   , and   ̅  

for all test points do  

  if              then 

    if                        ̅    ̅   ̅   then 

       print ‘        is correct’ stop 

    else if             ̅           ̅    ̅      then 

       print ‘wrong sign:                ’ stop 

    end if   

  else 

    print ‘        is wrong’ stop 

  end if 

end for 

 
In this algorithm, the inequality symbol “s” in the student’s 

answer is assumed to be correct. We only verify if the function 
        is correct. Detailed analysis is also possible but needs 
a more sophisticated algorithm.    

In the above examples it was not important to choose 
adequate data in order to obtain an exercise allowing to 
distinguish different errors.  However, the algorithms for such 
a choice are fundamental for smart assessment. 

IV. TOWARDS GENERAL THEORY OF SMART ASSESSMENT 

In this section we present a possible approach to the 
problem of exercise generation allowing to distinguish 
different errors. This problem is closely related to other 
branches of Mathematics such as Algebra, Analysis, and 
Coding Theory. 

 



Let us consider the following exercise: 

Calculate the sum          . 

Suppose that the student calculated the sum       
                                  . Is it 

possible to generate         in order to detect the error if   
and   are unknown? The answer is Yes! A similar problem 
arises in Coding Theory and powerful algebraic machinery is 
used to solve it. However, our problem can be solved using 
tools of Analysis.  

Let     and    . Set      . Since          
   , it suffices to choose   such that we have         
       , whenever        

         
   . For 

example, one can take   satisfying      . Indeed, the 
equality                , where     is equivalent 

to               , where      ,     
      . 

If     is small enough, then the inequality         
    is fulfilled for all          . (For     this is 
obvious.) 

Let   be a complex number such that      . Then, from 
inequality            , we have  

        
      

     
                 

                          . 

From the Rouché theorem we see that all the roots of the 

polynomial                are in the disc centered 
in   with radius  . Therefore, if      , we have        
       . 

 

This example shows that it is possible to generate data 
belonging to certain regular meshes guaranteeing the 
possibility of error detection. 

 

Let us consider one more example: 

Solve the equation          . 

This exercise is generated choosing the roots    and   . 
The respective coefficients are          and       . 
The most common errors are the following: the student used 

    √        

   
  or  

    √       

   
 .  

Set      and      , where     and    . It is easy 
to verify that if   is not a root of  

               
   

   
   

   

   
  

   

   
   

it is possible to understand if the student gave the correct 
answer or to detect which anticipated common error he made.  

 

Following this idea, for the majority of mathematical 
exercises it is possible to describe the set of “forbidden” data 

in terms of systems of algebraic equations, allowing for the 
detection and identification of student’s errors.  

V. CONCLUSIONS 

Exercise generation and smart assessment are very hard 
problems. In many situations one cannot automatically 
generate a nice exercise allowing to identify the student 
mistakes. However, the use of simple ideas from the theory of 
Diophantine equations, Algebra, and Analysis allows one to 
partially overcome this difficulty.  

We would like to stress that:  

 it is not possible to generate a good quality exercise, 
simply randomly choosing a set of its parameters. It is 
necessary to find the “key” starting points in order to 
get a nice formulation; 

 the possibility of using several external tools in 
PASSAROLA is crucial to have expressive power to 
implement a proper assessment algorithm; 

 the exercise generation should take into account the set 
of anticipated errors; 

 a feedback to the student should include not only right 
or wrong answer but also a comment where his 
potential mistakes were made; 

 feedback to the student relies on the detection of an 
error from his submitted answer. It is essential to 
generate data in a way that different mistakes provide 
different answers. There exists an algebraic description 
of such data allowing for smart assessment. 
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